Abstract. The present paper introduces an analytical approach for the description of the soil water balance and runoff production within a schematic river basin. The model is based on a stochastic differential equation where the rainfall is interpreted as an additive noise in the soil water balance and is assumed uniform over the basin, the basin heterogeneity is characterized by a parabolic distribution of the soil water storage capacity and the runoff production occurs for saturation excess. The model allowed to derive the probability density function of the produced surface runoff highlighting the role played by climate and physical characteristics of a basin on runoff dynamics. Finally, the model have been tested over a humid basin of Southern Italy proposing also a strategy for the parameters estimation.
Introduction
Runoff production mechanisms are influenced by several factor such as: the condition of the soil surface and its vegetative cover, the soil texture, and the antecedent soil moisture content. The role of each of those factors may change according to the specific climatic conditions. In particular, Hortonian runoff production mechanism (Horton, 1933) for describing storm runoff is more suitable for arid region, where infiltration capacity is generally lower. In most humid regions, permeability of the soil is high because the vegetation cover protects the soil from rain packing and creates an open soil structure. Under such conditions, rainfall intensities generally do not exceed infiltration capacities and consequently Hortonian overland flow does not occur. In humid environment, the variable source area concept, first introduced by Hewlett and Hibbert (1967) , is widely accepted to explain Correspondence to: S. Manfreda (manfreda@unibas.it) storm runoff production through return flow and direct precipitation. The variable source area represent the saturated portion of the basin that vary dynamically according to the soil moisture state of the basin.
Recently, Manfreda and Fiorentino (2008) developed a new model aimed at the definition of the probability distribution of the relative saturation of a basin characterized by a parabolic distribution of the soil water storage capacity. The model stems from previous works carried out, using a stochastic differential equation, to describe the soil moisture dynamics at the point scale (e.g., Rodríguez-Iturbe et al., 1999; Laio et al., 2001; Porporato et al., 2004) . The proposed scheme includes a number of approximations, but it leads to an interesting framework for the derivation of the main statistics of basin scale variables. Among others, our interest focused on the behavior of saturated areas over a basin that may be responsible of the dynamics of runoff generation.
The theory is based on the conceptual model Xinanjiang that describes watershed heterogeneity using a parabolic curve for the distribution of the water storage capacity (Zhao et al., 1980) . The Xinanjiang model is a well-known lumped watershed model widely used in China. Furthermore, the proposed relationship between the extent of saturated areas and the volume of water stored in the catchment has driven the evolution of a number of more recent models such as the Probability Distributed Model (Moore and Clarke, 1981; Moore, 1985 Moore, , 1999 , the VIC model (Wood et al., 1992 (Wood et al., , 1997 Liang et al., 1994 ) and the ARNO model (Todini, 1996) .
The analytical approach used in the present research offers the advantage of providing general class of solutions and significant results of wide applicability, although obviously limited by the unavoidable simplifications adopted to solve the mathematical problem analytically. The paper provides a description of the model characteristics introduced by Manfreda and Fiorentino (2008) in Sect. 2. The theoretical derivation of the probability distribution of the runoff Published by Copernicus Publications on behalf of the European Geosciences Union. production is given in the Sect. 3. Results of the model are discussed in Sect. 4 that precedes the conclusions.
Model description

Rainfall model
Rainfall occurrences are modelled by a sequence of instantaneous pulses that occur in a Poisson process of rate λ in time. Each pulse is characterized by a random total depth Y exponentially distributed with mean m Y =α that may be considered as the mean daily rainfall since the model is interpreted at the daily time-scale (see Rodríguez-Iturbe et al., 1999) .
The normalized version of the density function of rainfall depths can be described as
where γ =w max /α and w max is the maximum value of the water storage capacity in the basin.
The spatial heterogeneity of rainfall is neglected assuming uniform distribution of rainfall occurring at random in time over the entire basin. Such an assumption may be more or less reliable depending on climatic characteristics of the area and the basin size. In general, this hypothesis becomes more realistic for river basins of medium/small sizes and in humid regions.
2.2 The variability of the soil water storage capacity over the basin
The soil thickness is assumed to vary over the basin according to a given distribution. In fact, the heterogeneity in the soil water storage capacity was observed to be a controlling factor in the temporal dynamics of soil moisture (Manfreda and Rodríguez-Iturbe, 2006) . For sake of simplicity, the remaining sources of heterogeneity like pattern of vegetation and soil texture variability have been neglected assuming that the soil texture as well as the vegetation are uniform over the watershed. The watershed heterogeneity is described using a parabolic curve for the water storage capacity of the soil (Zhao et al., 1980) 
where f/F represents the fraction of the basin with water storage capacity ≤W , w max represents the maximum value of the water storage capacity in the basin and b is a shape parameter that according to Zhao (1992) assumes values between 0.1-0.4 increasing with the characteristic dimension of the basin. The parameter b controls the spatial variability of W that increases with larger values of b and becomes uniform when b=0.
The total water storage capacity of the basin is obtained integrating (1−f/F ) between W =0 and w max , obtaining
In order to obtain a water balance equation with only one state variable, it is necessary to make the hypothesis that the soil water distribution is known over the basin. In particular, it is possible to assume that the soil water content is redistributed within the basin cumulating in the areas with lower soil water storage capacity following the same schematization abopted within the Xinanjiang model. The conceptual schematization of the basin is sketched in Fig. 1 , where both the soil water content distribution and the soil water capacity are described. From this graph, it is also clear that the relative saturated areas, a, are described by the same relationship given in Eq. (2) where a correspond to the ratio f/F .
The watershed-average soil moisture storage at time t, is the integral of 1−f/F between zero and the actual value of the water level in the basin scheme, wm t ,
Under the described schematization, the relative saturation of the basin, s, expressed as the ratio between watershedaverage soil moisture storage and the total available volume can be defined as
The soil water losses
The function describing the soil water losses represents the deterministic part of the stochastic equation describing the soil water balance. It depends on the local value of the soil water content and the maximum rate of soil water losses. The main contributions to soil losses are given by: the actual evapotranspiration and the soil leakage. A possible approximation for the sum of this two terms is given by a linear function where the soil loss is assumed to be proportional to the soil water content (see e.g. Entekhabi and Rodríguez-Iturbe, 1994; Pan et al., 2003; Isham et al., 2005 )
where L(ζ ) is the soil water loss relative to the soil saturation ζ (t, x) at time t in the point x in space, and V is the water loss coefficient. The black line represents the distribution of the soil water storage capacity, W , that ranges from 0 to w max ; the blue line depicts the water distribution over the schematic basin whose level is wm t ; the dashed line depicts the increase in wm t after a rainfall event producing an infiltration I over the unsaturated portion of the basin, while the saturated and the becoming saturated portion of the basin will produce a runoff represented by the dashed area of the graph.
(LAI). They obtained two different expressions in the two considered study cases
where V is expressed in mm/day and K s in cm/h. Since the adopted soil loss function is a linear one, it can be generalized at the basin scale using the product between the relative basin saturation, s, and the water loss coefficient. The soil water loss function at the basin scale becomes
For analytical purposes, the soil water losses can be expressed as a function of the ratio R = wm t w max using an approximated expression in exponential form. In this case, the soil water losses are expressed as
where k is a coefficient that has been used to fit the above with equation (8). This
The Water Balance Equation
The water balance equation can be written at the basin scale working with the water level in the parabolic reservoir that leads to the following stochastic differential equation in wm t
where I represents an additive term of infiltration and water losses are assumed to be proportional to the relative saturation of the basin s. The advantage to solve the water balance equation in wm t is that the infiltration rate can be summed as an additive term in the stochastic differential equation. After a rainfall event of depth Y , the water level wm t in the basin schematization increases of Y as long as the rainfall depth plus the actual wm t does not exceed the maximum water storage capacity of the basin w max . Consequently, the infiltration I is equal to the rainfall depth if Y ≤ (w max − wm t ) other wise becomes equal to (w max − wm t ). The schematization, in fact, accounts for the upper bound imposed by the soil saturation.
In the present scheme, the runoff generation occurs when rainfall falls over a saturated portion of the basin. This behavior is comparable with a Dunne mechanism where the direct precipitation on saturated areas (saturated overland flow) is a dominant runoff generation mechanism (e.g., Hewlett and Hibbert, 1967; Dunne and Black, 1970) . Fig. 1 . Schematization of the basin structure and soil water content distribution. The black line represents the distribution of the soil water storage capacity, W , that ranges from 0 to w max ; the blue line depicts the water distribution over the schematic basin whose level is wm t ; the dashed line depicts the increase in wm t after a rainfall event producing an infiltration I over the unsaturated portion of the basin, while the saturated and the becoming saturated portion of the basin will produce a runoff represented by the dashed area of the graph.
where V is expressed in mm/day and K s in cm/h. Among the two, the one derived from the Washita '92 data set was successfully tested by Manfreda and Fiorentino (2008) in a Mediterranean basin.
Since the adopted soil loss function is a linear one, it can be generalized at the basin scale using the product between the relative basin saturation, s, and the water loss coefficient. The soil water loss function at the basin scale becomes
For analytical purposes, the soil water losses can be expressed as a function of the ratio R= wm t w max using an approximated expression in exponential form. In this case, the soil water losses are expressed as
where k is a coefficient that has been used to fit the above with Eq. (8). This yields k ∼ =b/ 
The water balance equation
where I represents an additive term of infiltration and water losses are assumed to be proportional to the relative saturation of the basin s. The advantage to solve the water balance equation in wm t is that the infiltration rate can be summed as an additive term in the stochastic differential equation. After a rainfall event of depth Y , the water level wm t in the basin schematization increases of Y as long as the rainfall depth plus the actual wm t does not exceed the maximum water storage capacity of the basin w max . Consequently, the infiltration I is equal to the rainfall depth if Y ≤(w max − wm t ) other wise becomes equal to (w max −wm t ). The schematization, in fact, accounts for the upper bound imposed by the soil saturation. In the present scheme, the runoff generation occurs when rainfall falls over a saturated portion of the basin. This behavior is comparable with a Dunne mechanism where the direct precipitation on saturated areas (saturated overland flow) is a dominant runoff generation mechanism (e.g., Hewlett and Hibbert, 1967; Dunne and Black, 1970) .
The water balance equation can be solved using the standardized variable
where R ∈ [0, 1]. The water balance equation becomes
where ρ(R) is the standardized soil water loss rate
with β=V /(w max ), that represents the normalized soil water loss coefficient. Following Rodríguez-Iturbe et al. (1999) , the probability density function (PDF) of R can be obtained and solved analytically for steady-state conditions. The PDF of R, obtained using the simplified loss function ρ(R) in the water balance equation above, becomes
where C is a constant of integration that may be computed simply imposing the normalizing condition, 1 0 p(R)dR=1. Thus, C assumes the following value
where [.] is the complete Gamma Function and F 1 [., ., ., .] is the Hypergeometric Function (Abramowitz and Stegun, 1964) . The analytical expression of the probability density function of the standardized variable R (Eq. 14) can be used to derive the probability distributions of the relative saturation and of the saturated areas of the basin. This is a straightforward operation when the functional relationships between these variables are determined. Manfreda and Fiorentino (2008) provide the analytical probability distribution for these two variables also describing the role played by the model parameters on the dynamics of saturated areas as well as relative saturation of the basin.
Cumulative probability distribution of runoff
In the present section, the cumulative probability distribution of runoff is derived within the context of the analytical framework traced in the previous paragraphs.
The runoff production mechanisms at the catchment scale are mostly controlled by the temporal variability and also by the spatial variability of rainfall processes (this last is neglected in the present study), and by the spatial distribution of soil moisture. In the proposed schematization, the runoff magnitude depends on both the state of the system (i.e. R) and the rainfall depth, Y . The runoff production can be described through the following equations
where the runoff mechanism switches from a partial contributing area to a total contributing area when Y exceeds the threshold (1−R)w max that is the rainfall amount required to saturate the soils with higher water storage capacity. The above expressions can be inverted as a function of Y using in the first case a Taylor expansion of the second order around zero, while the second expression can be inverted without any approximation. It follows that
In order to derive the probability distribution of runoff, one should integrate the join probability distribution of rainfall, Y , and R over the proper region of the 2-D space in R and Y where the runoff is lower than an assigned q (e.g., Benjamin and Cornell, 1970) . The CDF of the runoff assumes the following expression
where
is the value of R at which there is a transition in the runoff production from a partial contributing area to a total contributing area. The integration scheme adopted to derive the cumulative probability distribution given above is described in Fig. 2 values of runoff lower than q is dashed with different symbols in order to differentiate among the two possible runoff mechanisms (partial contributing area and total contributing area).
Results and Discussion
The probability density functions (PDFs) of runoff, obtained by derivation in q of equation (19) , are plotted in Fig. 3 using different set of parameters. In particular, PDFs are obtained adopting a given set of climatic and physical parameters changing the characteristics of the soil water storage capacity through the parameters maximum water storage capacity, w max , and exponent b in the first and second graph of Fig. 3 (top-left and top-right) . The third and fourth graphs describe the effects due to the soil water loss coefficient, V , and the rainfall rate, λ, on the runoff dynamics. In each of those graphs, the PDF of rainfall amount is also plotted in order to better understand the rainfall/runoff dynamics within the described scheme.
It can be noticed that the runoff production during a rainfall event is slightly affected by the maximum water storage capacity of the basin, but it is particularly sensitive to the spatial heterogeneity of the water storage capacity of the basin represented by the parameter b. This result is certainly due to the fact that the dynamics of expansion and contraction of the portion of saturated areas (source of runoff) is strongly controlled by the parameter b (see Manfreda and Fiorentino, 2008) .
Among others, the parameter that seems to play a major role in the dynamics of runoff production is the coefficient of soil water loss that depends on evapotranspiration and leakage losses of the basin (Fig. 3 bottom-left) . Finally, the parameter λ also affects the runoff production being a controlling factor for the characteristic climate of the basin (Fig. 3 bottom-right).
Model application to a real case
The proposed probability distribution of runoff production may be used and applied to a real case to predict the dynamics of a hydrological system given the climatic forcing and the physical characteristics of the basin. In particular, parameters α and λ can be easily defined from rainfall data at the daily scale, while the remaining parameters requires information on the soil permeability, vegetation cover, and topography.
In the present section, an application to a study basin of Southern Italy is presented in order to describe a possible estimation strategy for the model parameters. The challenge is to define those parameters starting from the available physical information of the basin avoiding to fit the theoretical distribution on the observed probability distribution of surface runoff.
The basin studied is the Agri basin closed at Le Tempe days where a rainfall event occurred (see Fig. 4.B) .
Parameters of the theoretical distribution have been computed exploiting the available information on the Agri River basin. Rainfall parameters have been estimated from rainfall records during the wet season (October-March), the parameter V is estimated from the equation obtained by Pan et al. (2003) for the Washita'92 dataset (equation 7) using the 1961 1962 1963 1964 1965 1966 1967 1968 1969 1970 1971 1972 1961 1962 1963 1964 1965 1966 1967 1968 1969 1970 1971 1972 computed using the physically based filter proposed by Furey and Gupta (2001) and the second relative to the surface runoff (colored in green); B) runoff production over the considered temporal window obtained as the difference between the recorded streamflow and the computed baseflow.
The obtained probability distribution of surface runoff provides a realistic interpretation of the dynamics of a real river basin as one can appreciate comparing the theoretical function of rainfall and runoff to the ones obtained from data measured over the Agri River Basin at the station of Le Tempe (Fig. 5) . This example is given not with the aim to fit the obtained probability distribution to the measured one, but only to demonstrate the consistency of the model outcomes when compared with a real case.
Conclusions
In the present paper, a new approach is introduced to describe analytically the relative soil saturation of a river basin and the runoff production dynamics. The method provides a simplified description of river basin characteristics, but includes the effect of spatial variability of water storage capacity adopting the same schematization used by Zhao et al. (1980) for the Xinanjiang model. The probability distribution of runoff describes in a feasible way the real dynamics of the system highlighting the role played by the different parameters controlling the soil water losses of a basin, the rate of rainfall and the characteristics of he soil water storage within a river basin. It was observed hat the runoff production may be strongly controlled by the limate of the basin, while the spatial distribution of the soil ater storage capacity plays a secondary role that apparently s more affected by the heterogeneity of soils that depends n the exponent b of equation (2) rather than the maximum ater storage capacity, w max . In the present model the soil water storage distribution is ssumed as a parabolic function with a minimum in zero. his imply that the relative saturated areas that are responible of the runoff production are always higher than zero. nder this assumption the rate of runoff is equal to the rate f rainfall that is a realistic assumption for humid environents. Nevertheless, the approach can be generalized adoptng a parabolic function translated of a constant value in orer to obtain a distribution of soil depths bounded between wo non zero-values. k coefficient of the simplified soil water loss function used to fit equation (8) 
Results and discussion
The probability density functions (PDFs) of runoff, obtained by derivation in q of Eq. (19), are plotted in Fig. 3 using different set of parameters. In particular, PDFs are obtained adopting a given set of climatic and physical parameters changing the characteristics of the soil water storage capacity through the parameters maximum water storage capacity, w max , and exponent b in the first and second graph of Fig. 3 (top-left and top-right). The third and fourth graphs describe the effects due to the soil water loss coefficient, V , and the rainfall rate, λ, on the runoff dynamics. In each of those graphs, the PDF of rainfall amount is also plotted in order to better understand the rainfall/runoff dynamics within the described scheme.
Nat. Hazards Earth Syst. Sci., 8, 1349 Sci., 8, -1357 Sci., 8, , 2008 www.nat-hazards-earth-syst-sci.net/8/1349/2008/ Among others, the parameter that seems to play a major role in the dynamics of runoff production is the coefficient of soil water loss that depends on evapotranspiration and leakage losses of the basin (Fig. 3 bottom-left) . Finally, the parameter λ also affects the runoff production being a controlling factor for the characteristic climate of the basin (Fig. 3  bottom-right) .
Model application to a real case
The basin studied is the Agri basin closed at Le Tempe where a time series of 11 years of streamflow is available (see Fig. 4a ). This record is necessary to test the model consistency in the description of runoff pruduction. It necessary to remark that the probability density functions refer to the surface runoff produced by the river basin and for this reason it is necessary to separate the baseflow component from the time series of streamflow. One possible strategy is to apply a mathematical filter to remove the baseflow component from the time series. The surface runoff data was estimated applying the physically-based mathematical filter proposed by Furey and Gupta (2001) to streamflow data considering the the overland flow coefficient, c 1 , and the recharge coefficient, c 3 , of the model variable from month to month following to the work of Manfreda et al. (2003) . The results of the mathematical filter are displayed in Fig. 4 where the computed baseflow is displayed in light blue. The runoff time series are obtained as the difference between the streamflow and the baseflow during the days where a rainfall event occurred (see Fig. 4b ).
Parameters of the theoretical distribution have been computed exploiting the available information on the Agri River basin. Rainfall parameters have been estimated from rainfall records during the wet season (October-March), the parameter V is estimated from the equation obtained by Pan et al. (2003) for the Washita'92 dataset (Eq. 7) using the mean permeability (K s =2.40 cm/h) of the basin and the mean Leaf Area Index (LAI=1.56) computed over the wet season.
The parameter b was fitted using the method proposed by Chen et al. (2007) Zhao (1984) and Zhao and Wang (1988) .
The obtained probability distribution of surface runoff provides a realistic interpretation of the dynamics of a real river basin as one can appreciate comparing the theoretical function of rainfall and runoff to the ones obtained from data measured over the Agri River Basin at the station of Le Tempe (Fig. 5 ). This example is given not with the aim to fit the obtained probability distribution to the measured one, but only to demonstrate the consistency of the model outcomes when compared with a real case.
Conclusions
In the present paper, a new approach is introduced to describe analytically the relative soil saturation of a river basin and the runoff generation dynamics. The method provides a simplified description of river basin characteristics, but includes the effect of spatial variability of water storage capacity adopting the same schematization used by Zhao et al. (1980) for the Xinanjiang model. The probability distribution of runoff describes in a feasible way the real dynamics of the system highlighting the role played by the different parameters controlling the soil water losses of a basin, the rate of rainfall and the characteristics of the soil water storage within a river basin. It was observed that the runoff production may be strongly controlled by the climate of the basin, while the spatial distribution of the soil water storage capacity plays a secondary role that apparently is more affected by the heterogeneity of soils that depends on the exponent b of Eq. (2) rather than the maximum water storage capacity, w max .
In the present model the soil water storage distribution is assumed as a parabolic function with a minimum in zero. This imply that the relative saturated areas that are responsible of the runoff production are always higher than zero. Under this assumption the rate of runoff is equal to the rate of rainfall that is a realistic assumption for humid environments. Nevertheless, the approach can be generalized adopting a parabolic function translated of a constant value in order to obtain a distribution of soil depths bounded between two non zero-values. 
